Abstract. We construct the explicit connection existing between a solvable model of the discrete velocities non-linear Boltzmann equation and the Hamilton-BellmanJacobi equation associated with a simple optimal control of a piecewise deterministic process. This study extends the known relation that exists between the Burgers equation and a simple controlled diffusion problem. In both cases the resulting partial differential equations can be linearized via a logarithmic transformation and hence offer the possibility to solve physically relevant non-linear field models in full generality.
Introduction
In an influential paper written in 1950, Hopf [Hop] connected the Burgers non-linear field equation and the heat equation by using a logarithmic transformation, i.e. the now famous Hopf-Cole transformation. In several recent contributions, the special role played by this transformation in the domain of stochastic control has been described by Fleming [FL] , [FS] and Holland [Hol] . In their work the authors show how certain classes of dynamic programming equations can be linearized by logarithmic transformation. In this context, the Burgers equation can be directly interpreted as the dynamic programming equation of a simple optimal stochastic control problem involving a diffusion process. In the present paper we show that the discrete velocity model of the Boltzmann equation solved by Ruijgrok and Wu [RW] , is also closely related to the dynamic programming equations (DPE) of a simple control problem involving a piecewise deterministic process. Again a logarithmic transformation enables us to linearize the DPE which explains why exact solutions can be obtained for a non-linear Boltzmann equation. This observation offers a new understanding on the exceptional properties of the Ruijgrok-Wu (R-W) model and might guide further investigations toward possible generalizations.
Our paper is organized as follows: in Section 2 we briefly recall some basic physical observations concerning the R-W and the Burgers equations. Part of this material has already been presented, in detail, in a previous paper [HS] . In Section 2.1 the connection of the Burgers equation with the optimal control of a simple diffusive process is briefly reviewed. In Section 3, which is the core of this contribution, we construct the stochastic control problem for which the DPE is directly related to the R-W model. Some perspectives and conclusions are given in Section 4.
The Burgers and the Ruijgrok-Wu Model
A completely solvable model of the non-linear Boltzmann equation has been constructed by Ruijgrok and Wu [RW] . The R-W model describes particles in collisions in a onedimensional space. These particles are allowed to take only two discrete and opposite velocities, i.e. − √ D/α, √ D/α . The R-W model can be written as a set of coupled non-linear field equations in the form
where 0 < D (m 2 s −1 ) is a diffusion constant, and 0 < α (s) is a time scale characterizing the collision rate. The functions f (x, t) ≥ 0 and g(x, t) ≥ 0, x ∈ R, t ∈ R + , describe the probability density functions to find particles with velocities √ D/α (respectively − √ D/α), at position x at time t. By introducing the logarithmic
